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1. Introduction

The highest dimension in which one can have a superconformally invariant theory is
d=26 and the maximally supersymmetric theory in d = 6 has N' = (2,0) chiral
supersymmetry. The more symmetries we require on our theory, the better its quantum
behaviour. One might hope that these maximally supersymmetic theories in six dimensions
will enjoy the same finiteness property as their close relatives in four dimensions, N = 4
super Yang-Mills. Due to the difficulties with quantizing gravity, it has even been suggested
that the (2,0) theory might be ‘the theory of everything’ []. According to that picture our
universe would be a curved! three brane embedded in flat six dimensions. Indeed the (2,0)
supersymmetry algebra allows for a central extension that involves a three brane (as well as
a selfdual string) [§]. Although this is just a speculation, it calls for a further investigation
of the (2,0) theories.

But it is problematic to quantize (2, 0) theory. The coupling constant is a fixed number
~ 1 due to self-duality and the dyonic charge quantization condition for strings in six
dimensions. It may therefore not be possible to go from a classical theory to a quantum
perturbation theory. It is possibly that (2,0) theory only exists as a quantum theory, with
no classical limit. But one way to obtain a related quantum theory would be if one could
find solitonic solutions to some classical equations of motion. One should then be able
to find a quantum theory by expanding quantum fields about this classical solution in a
parameter which is related to the inverse tension of the extended object.

In this Letter we will indeed derive the classical equations of motion, though in loop
space. We will introduce a non-abelian tensor multiplet in loop space, and show that
it closes the supersymmetry algebra on-shell and as a by product get the non-abelian
equations of motion of the loop fields in the tensor multiplet.

'In that way we get an induced gravity.



It thus appears to be the unique way in which to generalize the abelian tensor multiplet.
But whether our results will find any practical use is unclear. We do not know how to handle
equations in loop space, and we do not think that it is obvious how to descend from loop
fields to local fields. We will mention a few difficulties that we encountered when we tried
this, in the last section.

2. The tensor multiplet and its constraints in loop space

We will assume flat d = 1 + 5 dimensional Minkowski space-time M with metric ten-
sor 7, =diag(—1,1,1,1,1,1) and Lorentz symmetry group SO(1,5). The (2,0)-super-
symmetry is generated by 16 real supercharges transforming in the chiral representation
(4,4) of SO(1,5) x SO(5), where SO(5) is an internal R-symmetry group. Our spinor con-
ventions are the same as in [f], and these are collected in appendix. Requiring all this
supersymmetry and no dynamical gravity, there is just one abelian multiplet, namely the
tensor multiplet. It consists of a two-form gauge potential B, (v) with anti self-dual field
strength H,,,(z) = —%EWPWUH“”(JU), five Lorentz scalars ¢4 (z) (where A is a vector
index of SO(5)), and four real chiral (i.e. symplectic Majorana-Weyl) spinors ¢ (x) which
transform in the same (4, 4)-representation as the supercharges.

An abelian two-form gauge potential B, (x) in M can alternatively be viewed in a

parametrized loop space as a one-form,

A C) = / dsC”(8) By, (C(s)). (2.1)

Here C denotes a parametrized loop s — C#(s) in M and s will always run over some fixed
interval, say s € [0,27]. In [ff] we also introduced abelian loop fields corresponding to the
other fields in the abelian tensor multiplet,

51(C) = [ dsCyls)6M(C)
0uC) = [ dsC(5)0(C ). (2.2)

In the non-abelian case we suggested in [f] the following representation for the loop fields
AX(C) = / A5 A% (5, C)Ma(s) (2.3)

and similarly for the other fields in the tensor multiplet, where A\, (s) denote generators of
the loop algebra associated with the gauge group with structure constants Cy;°, that is,

(), M(£)] = Cap®o(s — ) Ae(s). (2.4)

It should be noticed that we are not giving a very concrete representation here of the loop
fields. Apriori A,(s,C) may depend in any non-local way on the loop C. There also exists
a more concrete way to represent loop fields in terms of a local connection one-form and
two-form (see for instance [[]). We have therefore aimed to keep our discussion completely
general in this and the next sections by not specifying a representatation of the loop fields.



We begin with the abelian case, and then look for a natural non-abelian generalization.
We introduce a derivative in loop space,

0u(C) == /ds%(s) (2.5)

and a gauge covariant derivative
D(C) = 9,(C) + 4,(0) (2)

though in the sequel we will drop the arguments C' where it should always be obvious from
the context whether 0, denotes a derivative in loop space or in space-time. The gauge
covariant field strength is F,, = [D,, D,]. The gauge transformations act as (considering
infinitesimal transformations generated by the loop field A(C)),

5AM = DMA

0F,, = [FW,A]

soft = ¢}, Al

oY = [, Al (2.7)

We are now ready to write down the constraints on the abelian loop fields. They are

et =0
0", =0 (2.8)
which is easily seen by computing
OUCLC) = [ dsCu£0,0MC) = [ B5CHG0MCE). 29)

We then see that 8“¢f} corresponds to a total derivative which vanishes when integrated
over the loop.

How should these constraints be generalized to the non-abelian case?? The natural
generalization is of course to take the following gauge covariant non-abelian constraints,

Dheit =0
DHy, =0 (2.10)

But now it is not consistent with supersymmetry to impose these constraints alone, without
also imposing the constraint

D10, 0] = 167, 0] (2.11)

To see this, we impose the following supersymmetry variations of the Bose loop fields,

5t = —iel My,

2Using the representation (EI) it is easy to see that the above constraints can not persist to the non-
abelian case. The loop derivative will hit (in a subtle way) on the generators A*(s) as well.



0A, = —iel " (2.12)
and find that the supersymmetry variation of constraint becomes

TADHY, + TV iy, 7] = 0. (2.13)

Hence we see that supersymmetry implies that we must also impose the constraint ()3

We should also impose the constraint

(61, 8] = 0. (2.15)

Since the Fermi field 1, thus is constrained, we introduce the somewhat simpler field

b= T, (2.16)
with no vector index, for which we find the relations

[0, ¢7'] = T [tby, 7] (2.17)
and

My, ¢p] = v, 6] (2.18)

3. N = (2,0) supersymmetry

We are now ready to construct the full supersymmetry transformations. We have already
specified the variations of the bosonic fields. We will also need the variation of the field
strength,

6FHV = QZ'EFK[MDV]lﬁH (3.1)

We now make the most general ansatz compatible with Poincare invariance and dimen-
sional analysis for this fermi field, which is such that it reduces to the known Abelain
transformation if we take the gauge group to be abelian,

1 1
6ct) = (GEu ™ + Dyl (T + an™ ) Da + 5 [0, 60] (005 + dn Tap) Je  (3:2)

but, noting the constraints, we directly see that we can reduce this ansatz to just

1 d
st = (3 + DT T+ 5 04,681 T ) (3.3

3It is also easy to see this constraint directly. We compute

o) = [ as [ ac,s)C. 0t ). vCc)
= Cu” / dsC,u(s)Cu(s)p™*(C ()0 (C(s))Ae(s) (2.14)

and see that this is manifestly symmetric in (uv).



We begin with computing the commutor of two supersymmetry variations when acting on
the Fermi loop field v, saving the bosonic fields for later;

[0y, 0c] ¥ = il'* (e — ne) T Dy
+il" (i) — n€) Dy,
+ilTMT 4 (eif — né) TAD 1,
+T T (€] =€) Ty [, 67
—idl o (e — né) T4 [9F, 67 (3.4)
Here we have made use of various constraints. Then using a Fierz rearrangement and
various gamma matrix identities (which we have collected in the appendix), we get
9
(6,0 = —Té(ﬁrne){wmw — 8TVD, " + T"T7 Dyyip — AT DHp,
— 8La[, 6*7] = (4d = 3)TA"T 45, 67}
29, v v
+1—6(77I’,7F06){I’C (8T* D" + "I D,1p — ATV DHapy,)
+ T (8[, 6] + (3 — 24)T"[w*, 67]) — 161w, 67|}
(T or Cope) { TOPT™T (< Dytp + T'T a0, 61))
+4(1 = A TP, o]} (3.5)

1
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For this to become a representation of the (2,0)-supersymmetry algebra, [0y,0] =
—2i (7€) 0, (modulo a gauge transformation), we must take d = 1 and the Fermi equation
of motion to be

I (Dy + T aley, ¢]) = 0. (3.6)

To proceed with the Bose loop fields we need also the variation of ¥*. It is easy to see that
the following variation

1 d
Sy = (EGMT,,JFTW + D, ¢ FTVT 4 + 2 (o4, 60 ] F”FAB> (3.7)

implies the above variation of 1 provided

G po = Fpo (3.8)
1

EeuanTpnGﬁrpn = _Fua (39)

Since G";,, always appears contracted with something which is totally antisymmetric in
Tpo, we may just as well assume that G" ., itself is totally antisymmetric in 7po. Given
all this, we find that

1
[0n, 0] A, = 2ielnE,, — i€l n <6€H0HTPWGHTP77 + FM> (3.10)

and

[0, 8c] @y = 2iel Dyt — 4ideTT pnler), &7 (3.11)



That is, all the supersymmetry variations close on-shell (modulo a gauge variation).

The abelian self-duality equation on the gauge field in space-time implies the Maxwell
equation of motion. In loop space we may take the point of view that G";,, is just some
auxiliary field that has to be related to Fj,, in certain ways (as specified above). The
equations of motion do not follow from these relations. To get these we must make a
supersymmetry variation of the Fermi equations of motion. We then find the Bianchi
identity

D[uFup] =0 (3.12)
and the Bose equations of motion
DME,, + (¢, qubﬁ] + fermions = 0

1
D“Dugbf — 5[@53,,,, [ f, QSA’“]] + fermions = 0 (3.13)

To get these equations we have made use of all the constraints. In all equations we have
presented one should notice the resemblance with super Yang-Mills, to which they reduce

upon compactification on a circle.

4. Local fields?

We would of course like to get local fields from the loop fields. In the abelian case we should

get the well-known abelian tensor multiplet. To this end we adopt the representations given

in Eqs (R.1) and (R.9) of the loop fields. We also let

G"rop = /dC“Hmp (4.1)
which obviously is a realization of the constraint (B.§). The constraint (B.9) then amounts
to

1 RTO
Huup(w) = _Eeuup,‘vraH (1')7 (42)

and inserting this representation of the loop fields into the supersymmetry variations it is
easy to see that the supersymmetry variations of the local fields become

St = —iel
1
5 = (Eﬂmrm + 9,0 TT A> €
0B, = —iel 0. (4.3)

Of course we tailored our supersymmetry variations so that we would get these well-known
transformations (see for instance [B]) for abelian gauge group.

Requiring Wilson surface observables to exist in our theory, we get severe restrictions
on the loop fields. We look for a generalization of the abelian loop field

A(C) = [ dsBu(C(s)C(s) (4.4



to the non-abelian case. Notice that with B,,, being antisymmetric, we have the Lorentz
covariant transversality constraint

/dSC’“(s)AM(s,C’) = 0. (4.5)

This constraint can (and hence should) be taken over to the non-abelian case because it is

gauge covariant® so it still makes sense to impose this constraint also in the non-abelian

case.5

Then for the Wilson surface to be reparametrization invariant we must also require [[I]
[H(s,t),H(s',t)] =0 (4.6)

where
H(s,t) :=n"(s)Au(s,C) (4.7)

Here n#(s) is defined (using the induced metric on the Wilson surface) as the unit vector
which is orthogonal to the tangent vector C* (s). We now look for representations of this
loop field A, (C) in terms of local fields. The only solution that we have found to these
conditions is

A,(C) = [ dsBL, (CENC9ITs) (48)
where we let the generators T,(s) obey the Lie algebra
(Ta(s), Th(s")] = Carfx(s — ') Tu() (49)
Here
X(s) = ds0 (4.10)

is the function which is 0 everywhere except at s = 0 where it is 1. It is apparent that
condition (f.6) is obeyed. For condition (fL.H) to be obeyed B,, must be taken to be
antisymmeric. However, the local theory described by this two-form will be abelian because

[To, Ty] =0 (4.11)
where
T, := /dsTa(s). (4.12)

One may also be tempted to try with

A,(C) = / dsA%(C(s))Ma(s) (4.13)

19 [ dsAu(s,C)C*(s) = [ ds (C*(5) 5y AC) + [CH(5) Au(5,C), A(©)]) = 0
5Tt should also be consistent with SUSY: C*§A,, = —iel,"C*. Thus we find the non-abelian con-
straint ¢*C¥! = 0, which obvious holds in the abelian case with the loop fields represented as in eq. (@)



However there is no way we could satisfy condition ([L.5) with this ansatz.

Using the formalism of 2-groups to represent the loop fields in terms of a local two-
form and one-form gauge connection has also led to an abelian theory [f]. In conclusion,
the issue of finding the appropriate representation for these loop fields seems to be rather
tricky. The worst of scenarious would be if it turned out to be impossible to represent
them in terms of local fields, unless of course one is interested in just the abelian theory.

A. Spinor conventions

We use the same conventions as [ﬂ], that is, we use eleven-dimensional gamma matrices I'M
and make the split '™ = (I'*, T'4) corresponding to the split SO(1,10) — SO(1,5) x SO(5).
We define

[ .= 012345, (A1)
The (anti-)commutation relations between all these gamma matrices are

{17} = 2

{r#, 14} = 0
{r4, 18} = 25458
{T*T} =0
[T4,T] =0 (A.2)

We impose the following SO(1, 10)-invariant Majorana condition on the spinors,
Y =yTC. (A.3)
Here 9 := 'T? and the eleven-dimensional charge conjugation matrix C has the properties

ch=-c
c'C =1 (A.4)

. Letting V' denote the linear space of such Majorana spinors, we then define the SO(1, 5) x
SO(5)-invariant chiral subspaces

Vi={Y eV :Pyp=1}.
where

Pyi=-(1+T) (A.5)

DO | =

As a consequence of (A.9), T# : Vo — Vi and T4 : Vi — V.
The gamma matrices have the properties

(M)" = —cTMc?
(DM T = (1) er M Mo
" = —crc! (A.6)




and

1

Pruup = 6 CuvprTo

I\HTO'

If ¢,n € V then we get

ﬁPMl---FMPGZ(—1)p€PMp---FM1?7 (A?)
We will let SUSY parameters be e_,n_,... € V_. The spinor ¥, which is in the
corresponding tensor multiplet will be of opposite chirality to that of the SUSY parameter,
thus ¢+ € V+.
We have that
n_IH#...THre_ = 0 if k is even
n_IHt...THehy = 0 if k is odd
To see this we note that ['e = ¢ & €' = —e.
In eleven dimensions a complete set of matrices is
[1,TM,. . MMM MM (A8)

because I'’'?19 = 1. The number of independent matrices is 2'° which is the number of
components in a squarical matrix acing on the 2°-dimensional Dirac spinor representation.
In six dimension we take as the complete set the matrices

{FMI"'NkI‘Al"'Al} (A9)

in such a way that

Y0 @) =2 (A.10)

k.l

A particularly nice choice® is to let k =0,...,6 and [ =0, 1,2.
Using the completeness and normalization properties’ of these matrices we may obtain
the Fierz rearrangement

1 1
e = e = 1¢ (= (ITye) 0" + (T4 )" T) (14 1) = o (T ape)PHPTAT (A1)

Here are some gamma matrix identities we have made use of,

TP, = 8y — 30T
LW = [T — gl
"MLy, Ty = Dpr TV
T ,4plCPTA = —455TP)
L, rePrd = repb (A.12)

SWe notice that (8) + (?) + (3) = 2% and that 26.2% = 210,
"Completeness of a set of matrices 'Y means that any matrix M may be expanded as M = ZCAFA
and a normalization property tr(I'aT?) = 6% enable us to determine the coefficients Ca = tr(MT 4).
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